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Abstract 
Two new infinite classes of semibiplanes are defined by considering for any q = 2h,h > 1, 
a point-plane pair (p,n) in PG(3,q), a hyperoval O in the star of p and a dual hyperoval O* 
in the plane n in suitable mutual position. These geometries are called of flag type or anti- 
flag type according to p and n are incident or not. By deleting some suitable elements from 
the semibiplanes of flag type we obtain another family of semibiplanes. In all of cases some 
quotients are defined. For q = 4, the semibiplane of anti-flag type is a flag-transitive geometry 
already given by Pasini and Yoshiara. 
1. Introduction 
Semibiplanes were introduced as connected geometries of rank 2 such that every pair 
of points is incident with 0 or 2 blocks and every pair of blocks is incident with 0 or 2 
points (see [6, 7]). In this paper we use another equivalent definition of semibiplanes. 
Semibiplanes are c.c* geometries atisfying the property (LL). We recall that a c.c* 
geometry is a rank 3 residually connected geometry belonging to the diagram 
e c* 
0 0 O, 
s 
where o c o and so c* o denote the class of circular geometries of order s and dual 
circular geometries of order s, respectively. Elements of type 0, 1 and 2 are, respec- 
tively called points, lines and planes (also called blocks). The number s is called the 
parameter of the semibiplane. 
We also recall the property (LL): 
(LL) Given two distinct points, there is at most one line incident with them. 
Several examples of semibiplanes are known of both infinite classes and sporadic 
examples. The variety of these examples uggests that a complete classification is not 
in reach (also in the flag transitive case). 
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In many examples it is possible to factorize the given semibiplane by a suitable 
subgroup of the automorphism group in such a way to obtain still a c.c* geometry not 
satisfying the property (LL). In some cases we have a flat 9eometry, i.e. a geometry 
in which every point is incident with every plane. 
In this paper, after a survey of some of the known examples, we construct two new 
classes of semibiplanes. Unfortunately, these new examples are not flag transitive in 
general. 
2. Examples 
2.1. Biplanes 
A biplane is a 2 - (v, k, 2) symmetric design (see [7, 3.6]). We have v = (~) + 1. 
Given a biplane B, we can construct a rank 3 geometry F by defining points, planes 
and lines as points, blocks and pairs of points of B, respectively. F has 
diagram 
C C* 
0 O- -  0 
k-2  
and satisfies (LL). 
As a matter of fact we do not know if biplanes form an infinite class. So far biplanes 
are known only for k = 3, 4, 5, 6, 9, 11, 13. 
In the rest of this section we focus on infinite classes of examples obtained by some 
general construction. 
2.2. Semibiplanes obtained by Dn Coxeter complexes [2] 
Consider the Coxeter complex of type Dn (n E N) 
1( 
3( 
n 
- - 0  . . . . . . . . . . . .  0 0 
2( 
We call (+)-points, (-)-points and lines the elements of type 1,2 and 3, respectively. 
If we truncate all types i > 3, we obtain a semibiplane of diagram 
e c* 
O O O 
n-2  
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in which points, planes and lines are, respectively, (+)-points, (-)-points and lines 
of the Coxeter complex. This geometry can also be described as follows: consider the 
n-partite complete graph with classes of size 2, fix a maximal clique C and define 
the maximal cliques which differ from C by an even (odd) number of elements as 
points (planes) and the (n - 2)-cliques as lines. A point and a plane are incident if 
they differ in just one element. Incidence between points (planes) and lines is defined 
in the natural way. 
The group (Z~ J : S,,) × Z 2 acts flag transitively on this geometry. If we factorize 
the geometry by a subgroup of Z~ ' - I  we still obtain a c.c* geometry which is not a 
semibiplane because the property (LL) does not hold. 
2.3. Semibiplanes obtained by D,, buildings [9] 
Consider the building of type Dn over GF(2). Using the same notation as in Section 
2.2, for any element x in A denote by a~(x) (e = +, - )  the (~:)-shadow of x. Let A ': 
be the point-line system of A with respect o the type e = +, - .  A proper subset H 
of the set of points of A ~" is said to be a hyperplane of A ~ if every line of A ~ that is 
not contained in H, meets H in precisely one point. 
Given hyperplanes H + and H-  of A + and A-, respectively, let L] be the geometry 
defined as follows: the elements of A are the elements x of A such that a~:(x) ~ H ~ 
for ~: = +, - .  Two elements x, y of z] are said to be incident in A if they are incident 
in A and, furthermore, at(x)N 6':(y)~H':.  
If we truncate in z] all types i > 3, we obtain a semibiplane A with parameter 
2 n - 2. 
More c.c*-geometries (without (LL)) can be obtained by factorizing A by subgroups 
of the elementwise stabilizer of H + and H- .  
2.4. Homolo.qy semibiplanes [6] 
In PG(2,q), q odd, given an anti-flag (p, l) let 09 be the involutory homology with 
center P and axis l. We call points and planes the og-orbits of length 2 of points 
and lines, respectively, of PG(2, q). Lines are defined by two orbits of points not on 
the same line passing through P. Take the natural incidence relation. Then we get a 
semibiplane F with parameter q -  2, 
Denoted by H the group (isomorphic to Z(q_l)/2 ) of the homologies of center P and 
axis 1 factorized by (~o), the group H PGL(2,q) acts flag transitively on F. 
Quotients of F are obtained by factorizing by any subgroup of H. The minimal quo- 
tient F/H is a c.c* geometry (without (LL)) on which PGL(2, q) acts flag transitively. 
Homology semibiplanes can also be constructed in another way. In PG(3, q), q odd, 
let us consider a point P and a conic C on a plane rt not passing through P. Define 
an incidence structure A as follows: 
• points of A are those of the cone projecting C from P, different from P and not 
on TO, 
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• planes of A are those different from n, not passing through P and meeting n in 
a line tangent o C, 
• lines of d are those incident with two planes of A and passing through two points 
of A. 
A straightforward computation shows that the incidence structure A is not connected 
and splits into two copies isomorphic to the homology semibiplane with parameter q.
2.5. Elation semibiplanes [6] 
In PG(2, q), q : 2 h, given a flag (p, l) let co be an elation with center P and axis l. 
We define a geometry F in a way similar to that of Section 2.4 by using the co-orbits 
of length 2 of points and lines in PG(2,q). F is a semibiplane with parameter q - 2. 
The group Z2h-IAFL(1,q) acts flag transitively on it. 
Denoted by H - Zz h-1 the group of the elations factorized by (09}, we obtain quo- 
tients of F by factorizing by any subgroup of H. The minimal quotient F/H is a fiat 
geometry on which Z~AFL(1, q) acts flag transitively. 
2.6. Baer semibiplanes [6] 
In PG(2,q 2) consider an involutory collineation i preserving a Baer subplane. The 
/-orbits of length 2 of points and lines allow us to define a semibiplane F as in the 
previous examples, with parameter q2 _ 2. The group PFL(3, q) acts flag transitively 
on it. 
Finally, we describe an infinite class of fiat c.c* geometries (obviously they are not 
semibiplanes). 
2. 7. Gluings [ 1 ] 
Let H(~,  ale) (~, set of points, .~ set of lines of /7)  and/7'(~' ,  ~ ' )  be two circular 
geometries with the same parameter s (i.e. two complete graphs with s + 2 vertices), 
which are supplied with a parallelism relation. This means that there is a mapping 
f : ~ __~ j ( f ,  : .ga, _+ j ,  respectively), where I = {0, l, ..., s}, such that two lines 
mapped on the same element of I do not meet. This implies that s is even [8] (see also 
[4]). The (f,f')-gluing of l I  and H' is the geometry F of rank 3 in which :~ is the 
set of points, ~" is the set of planes and A = {(l, l'), l E £e, l' E £,¢' : f ( l )  = f ( l ' )}  
is the set of lines. The incidence relation is defined as follows: all points are incident 
with all planes of F, namely F is flat. A point (plane) x of F and a line (l, l') are 
incident if x E l (x E l'). F has diagram 
C ¢* 
© © © 
S 
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We call I the common line at infinity of H and 11'. Given an automorphism ~ of 11 (ct' 
of 11'), we denote by ct ~ (by c~ )  the action of ~ (of ct r) on I. We set Aut(11) ~ = 
{ct ~"  ~ C Aut(11)} and Aut(11') ~ = {ct'~ : ~' E Aut(11')}. Clearly, Aut(F) is the 
subgroup of Aut(11)x Aut(11 ~) consisting of the pairs (~,~') with 7~ - -~ '~.  Aut(F) 
is flag transitive on F if and only if Aut(F) acts transitively on the points o f /7  and 
11' and moreover Aut(11) ~ M Aut(11') ~ is transitive on I. 
I f  we have //~ = 11 and f '  -- f ,  the correspondent gluing is called the canonical 
9luiny of two copies o f /7 .  The minimal quotient in Section 2.5 is a flag transitive 
noncanonical gluing. 
3. Semibiplanes of flag type 
In PG(3,q), q = 2 h, let us consider a point P and a plane ~z incident with P. Let 
O be a set of q + 2 lines passing through P and not incident with 7t which form a 
hyperoval in the star of P. Let O* be a dual hyperoval formed by q + 2 lines of n not 
passing through P. 
We consider the rank 3 geometry F(O, O*) in which: 
- -  points are the points different from P on the lines of O, 
- -  planes are the planes different from n on the lines of O*, 
- -  lines are the lines incident with 2 points and 2 planes of F(O, 0") ,  
the incidence relation is the natural one. 
It is immediate to see that F(O, O*) is a semibiplane of parameter q -- 2 h, called 
semibiplane of f la9 type (since P and rt are incident). 
From now on we will suppose that O and O* are regular hyperovals. 
A priori F(O, O*) can be flag transitive only if O and O* are flag transitive, i. e. 
if q --- 2 or 4. Thus, we will study separately the cases q = 2, q -- 4 and q > 4. I f  G 
is a group of collineations in PG(3, q) and al, a2 . . . .  , an are elements in PG(3, q) we 
will denote by Ga,,a2,...,,,, the stabilizer of al, a2, . . . ,  an in G. 
(i) q -- 2: F(O, O*) is a rank 3 bi-affine geometry of order 2 and flag type and 
Aut(F(O, O*)) ~ Z2.Z4.(Z3 × GL(2,2))  acts flag transitively on it [3]. 
(ii) q = 4: Let (xl, x2, x3, x4) be the projective coordinates in PG(3, 4). We can 
assume that P = (0, 0, 1, 0), rc has equation x4 = 0 and O is obtained by the cone 
C : x~ + x 2 + tnxlx2 + x ] = 0 (~o primitive element of GF(4)), by adding its nucleus, 
say n, which has equations xl = x2 = 0. 
Let n* be any line lying on 7z and not passing through P. Let G be the subgroup of 
PGL(4,4) preserving P, rt. Since Gc is transitive on the set of lines on 7z not passing 
through P, we can assume that n* has equations x3 ~ x4 -- 0. 
A straightforward computation shows that the group Gc, n. is isomorphic to 
Z~.(Z3 × Dl0). Moreover, the action of Gc, n* on the set of the lines different from 
n* lying on ~z and not passing through P is imprimitive. The imprimitivity classes of 
that action have size 5 and form three dual conics with nucleus n*, say C~, C~', C~, 
permuted by the subgroup Z3 of Z3 × Di0. 
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Let us choose one of the dual conics Cf (i = 1,2, 3), say C*, and consider the dual 
hyperoval O* defined by C* and n*. There is a bijection f between O and O* such that 
Go, o*,l = Go, o*,f(l)( ~- Z22.DI0) for any l in O (obviously f (n)  = n*). The group Go, o* 
is generated by any two stabilizers Go, o*,1 and Go, o*,1,, where l and l ~ are different 
lines of O. We have Go, o* ~ Z~45. Extending this group by semilinear automorphisms 
of PG(3,4) we obtain the group Go, o* ~ Z2.$5, and again (~o,o*j = Go, o*,f<t) for 
any l in O. It follows that (~o,o* does not act flag transitively on F(O, O*). Obviously 
0o, o* ~<Aut(F(O, O*)) but we do not know whether Aut(F(O, O*)) = Go, o*. In fact, 
we have studied the particular automorphisms of F(O, O*) obtained by the immersion 
in PG(3,4), however other automorphisms might exist. We conjecture they do not 
exist. I f  so, F(O, O*) is not flag transitive. 
If we vary the cone C in O (and consequently the line n) the Gc, n* orbits of length 
5 of the lines lying on n and not passing through P describe the 18 conics on n (three 
for every choice of C) with nucleus n*. Thus, we deduce that the geometries F(O, 0") 
obtained by different choices of O and O* are pairwise isomorphic. 
(iii) q > 4: Also in this case we may assume that P -- (0, 0, l, 0), n is x4 = 0 and 
O is obtained by the cone C: x~ +x~ q-(Dxlx 2-~X 2 = 0 ((O primitive element of GF(q)) 
adding the nucleus n (which has equations xl = x2 = 0). Again we can choose as n* 
the line of equations x3 -- x4 = 0. 
Using the same notation as in the case o fq  = 4, we get Gc, n* -~ Z~.(Zq-z × O2(q+l)) 
and the Gc, n* imprimitivity sets of the lines different from n*, lying on ~ and not 
passing through P form q - 1 dual conics, say C{', C~, ..., Cq_l, with nucleus n*, 
permuted by the subgroup Zq-i of Zq_l x D2<q+l). Denoted by O* (i = 1 . . . . .  q -  1) 
the dual hyperoval related to the dual conic Ci*, again we have a bijection f i  between 
O and O~" such that Go, o?,t = Go, o?,fi(l) (f i(n) = n*). 
So far everything works as in the case q = 4. However, in this case Go.o? cannot 
transform n in other lines of O, i.e. Go o*,~ = Go o*. Extending Go o? by semilinear 
automorphisms of PG(3,q) we obtain the group Go, o? TM Z~.(Zq+I'Z2h). 
Obviously, the geometries 1"(0, 0~. ) ( i = 1, 2 . . . . .  q -  1) are pairwise isomorphic. 
We remark that there are 1/2q(q- l)2 _ (q_  1) dual conics with nucleus n* different 
from the C/*. For any dual hyperoval O* related to one of these dual conics, Go. o* TM 
Z2 h (the latter is the group of elations of center P and axis g). Thus, there exist pairs 
of nonisomorphic geometries. 
Summarizing the results obtained so far, we have: 
Proposition I. 
i) Go, o* = Aut(F(O, O* )) N P1"L(4, q) is flay transitive only when q =- 2. 
ii) I f  q = 2 the semibiplanes I'(0, 0")  are rank 3 bi-affine 9eometries of order 2 
for any 0 and 0". 
iii) I f  q = 4 the semibiplanes 1"(0, 0") are pairwise isomorphic. Moreover Go, o* 
iv) I f  q > 4 there are pairwise isomorphic semibiplanes F(O, 0") with Go, o* 
Zhz.(Zq+l: Zzh), and semibiplanes 1"(0, 0")  with Go, o* TM Z~. 
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v) I f  q = 4 or Go, o* ~ zh.(Zq+l : Z2h) there is a bijection f between 0 and O* 
such that 0o, o*,l = Go.o*,ttl). 
Let q = 4 or Go, o* ~ Zh2(Zq+l: Z2h). Given a point L of F(O, O*), let l be the 
line of PG(3,q) passing through L and P. We denote by eL the plane on L and f ( l ) ,  
where f is the bijection recalled in Proposition l(v). 
The following lemma allows us to construct another semibiplane by starting from 
r (o ,  0"). 
Lemma 2. Let L and M be two distinct points of F(O, 0"). The point L belongs to 
~M if and only if M belongs to eL. 
Proof. Let us choose O as in cases (ii) and (iii). We can assume (by Proposition 1, (iii) 
and (iv)) that O* is obtained by the dual conic C* of equation u12 +u2+~u|u2+u32 2 = 0, 
where ul, u2, u3 are pliickerian coordinates in the plane n. We denote by (Xl,X2,X4) 
and [ul,u2,u3] the triples associated to a line of O and O*, respectively. 
A straightforward computation shows that if the triple of l is (a, b, c) then the triple 
of f ( l )  is [b,a,c]. I f  we set L = (el, e2, e3, e4), M = (ill, f12, f13, fi4), then eL has 
equation e2X 1 -Jw el X2 -~- e4X3 -~ e4X3 z 0 and aM has equation fi2Xl q- fl IX2 q- f14X3 -~- f13X4 ~- 0. 
The statement follows. [] 
Let r be a line in F(O, O*) such that, denoted by L and M the points incident with 
it, L is incident with the plane aM (and then M is incident with eL by Lemma 2). Let 
us delete every line of this type and declare L and eL to be nonincident. In such a way 
we obtain another geometry, say F(O, O*), which is a semibiplane of parameter q -  1, 
except in case q = 4. In fact, for q = 4, the geometry F(O, O*) is not connected and 
splits in two homology semibiplanes of PG(2, 5) (see Section 2.4). 
4. Semibiplanes of anti-flag type 
Pasini and Yoshiara defined in [10; 8.4] the following semibiplane: in PG(3, 4) let 
(P, n) be a nonincident point-plane pair and let O be a hyperoval in the star of P. 
Denoted by O ~ the hyperoval obtained on n by intersection with O, the lines of n 
which are external to O ~ form a dual hyperoval O*. Starting from O and O* one can 
construct a semibiplane in the same way as in Section 3. We denote by U(O, 0")  
this semibiplane and call it semibiplane of anti-flag type and parameter 4. The group 
Z3, $6 acts flag transitively on it. 
It is natural to ask whether it is possible to extend the previous construction to any 
PG(3, q), q = 2 h. In the case of regular hyperovals, the affirmative answer immediately 
follows from the next proposition: 
Proposition 3. Given a regular hyperoval 0 ~ in PG(2,q), q = 2 h, there & a dual 
hyperoval O* formed only by lines external to 0'. 
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Proof. Let To and /'1 be the subsets of GF(q) formed by the elements of trace 0 and 
1, respectively (for the definition and the main properties of To and Tt see [5]). 
We will denote by (xl, x2, x3) and [ul, u2, u3] the projective coordinates for the 
points and the lines of PG(2, q), respectively. 
We can assume that O' is obtained by the conic C with equation xzx3 = x~. Given 
an element b belonging to T~, it is immediate to see that the line n*[1, b, 1] is external 
to O'. 
For any a E To, with a ~ b, we want to prove that the equation 
auZl + u, u2 + bu, u3 + u~ + ueu3 + b2u~ = 0 (I)  
represents a nondegenerate dual conic C* formed only by lines external to 01. 
Firstly the dual conic above is nondegenerate since a ~ b. Moreover, let [ul, u2, u3] 
be the coordinates of a line satisfying (1). Such a line does not pass through the q + 2 
points (1,0,0), (0, 1,0) and (7,~2, 1), • E GF(q), belonging to O', or in other words 
the lines [O, u2, u3] , [ul,O, u3] , [Ul, 1,~ 2 +Ul0Q, do not satisfy (1). In fact, the equations 
u~ + u2u3 + b2u 2 : O, au~ -~- bUlU 3 q- b2u~ ~--- 0, 
(a+b~+b2~2)u~+( l+~+b~2)u l+ l+~2+b274=O 
have no solutions because bz E T1, b-2ab 2 E T1, 1 + ot + b~ 2 ~ 0 (since b E Tt) and 
(1 + ~ + b~2)-2(a + b~ + b2~2)(1 + ~2 + b2~4) = a + b~ + b2~ 2 E T1. 
Since the dual conic C* has the line [1,b, 1] as nucleus, the corresponding hyperoval 
O* satisfies the statement. [] 
In PG(3, q), q = 2 h > 4, consider the point P(0, 0, 0, 1 ) and the plane n of equation 
x4 = 0. Denoted by C the cone x2x3 = x~, let O be the hyperoval in the star of P 
obtained by C. By intersection, O gives rise to a hyperoval O / in the plane n. For any 
element b of trace 1 in GF(q), consider the q/2 - 1 dual conics C~' . . . .  , Cq*/2_ 1, with 
the same nucleus n*, determined in n by the Eq. (1) (where a varies in TI \ {b}). The 
dual hyperovals OI (i = 1 . . . . .  q/2 -  1) related to the dual conics C/* are formed only 
by lines external to 0 / . 
By every pair (O, 07) (i = 1 . . . . .  q/2 -  1) we can construct a semibiplane in 
the same way as in [9]. We denote this semibiplane by F'(O, 01) and we call it 
semibiplane of anti-flag type and parameter q. 
Proposition 4. The semibiplanes F'(O, O*) (i = 1 . . . . .  q/2 -  1) are pairwise isomor- 
phic. 
Proof. We denote by G the subgroup of PGL(4,q) preserving P and n. Using the 
same notation as in the case of semibiplanes of flag type, a straightforward computation 
shows that Go.,. is isomorphic to Zq_ I D2(q+l) and the Go,,* orbits of the lines different 
from n*, lying on 7t and external to O are just the dual conics C~ . . . . .  Cq/2_ 1. 
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Also in this case we have a bijection f i  between O and O[ such that Go, o?.t = 
Go, o*,f,(t), for every line l in O. For i ~ j,  the bijection jr)-i f i  easily allows to 
construct an isomorphism between the semibiplanes U(O, 0 7) and U(O, 0~). [] 
We remark that the particular choice of P, n, O and n* has no influence on the 
above construction. 
Finally, if we extend the group Go, o 7 ~- Zq-lD2(q+l) by semilinear automorphisms 
of PG(3, q) we obtain a group isomorphic to Zq-l(Zq+l : Z2h). Obviously this group 
does not act flag transitively on U(O, 0~), since q > 4. 
5. Quotients 
Let F(O, O*) be a semibiplane of flag type and parameter q. We denote by 
ll . . . . .  lq+2 the lines of O and by l~ . . . . .  lq+ 2 the lines of O*. 
We label in an arbitrary way the lines on n passing through the point P by the 
indices 1,2 . . . . .  q + 1. We call these indices colors. 
Given two lines li, lj of O and denoted by nij the plane determined by them, we 
label the pair {li, lj} by the color of the line n n nij. 
Analogously, given two lines l*, l] of O*, and denoted by Pij the point in 
which they meet, we label the pair {l*, l~} by the color of the line passing through 
P and Pij. 
Finally, given a line l of F(O, O*), let {li, lj} and {l~,l~} be the pairs of lines of 
O and O*, respectively, which are determined by I. The color of {li, lj} is equal to 
that of {l~,l~} and we call it color of I. 
Let K ¢ { 1 } be a subgroup of the group H of the elations of center P and axis n. 
The quotient F(O, O*)/K obtained by factorizing F(O, O*) by K belongs again to the 
diagram c.c* but does not satisfy the property (LL). 
Since the lines of F(O, O*) in the same orbit of K have the same color, we can 
also associate a color to any line of F(O, O*)/K. 
In particular, if H = K, it is immediate to see that the quotient is a flat geometry 
which is isomorphic to the geometry F(O, O*) in which points are the lines li of O, 
* l * * planes are the lines li of O*, lines are the pairs ({li, j},{lh, lk}) with {lg, lj} and 
{l~, l~} having the same color, and incidences are defined in natural way. F(O, 0") 
is obviously a gluing (see Section 2.7). 
E 
Proposition 5. Let F(O, 0") be as in Proposition l(v). Then F(O, 0") is the canon- 
ical gluing. 
Proof. We may assume without loss of generality that 1" = f( l i )  (i = 1 . . . . .  q + 2), 
f being the bijection recalled in Proposition l(v). 
By Proposition l(iii) and (iv) we can choose O and O* as in the proof of Lemma 
2. Given two distinct lines li, lj of O*, denote by nij the plane containing 1i and l j, 
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and by Pij the meeeting point of l~ and l~. A straightforward computation shows that 
the line n n ngj coincide with the line passing through P and Pgj. We deduce that the 
pairs {li, lj}, {17, 13} have the same color. The statement follows. [] 
Assuming the hypotheses of Proposition 5, if q = 4 the group $5 acts on F(O, O*) 
(see also [1; 6.2.4]) while if q > 4 the group Zq+l : Z2h acts on F(O, O*). In any 
case the action is not flag transitive, because the action of Go, o* on F(O, O*) is not 
flag transitive. 
The geometry F(O, O*), obtained by F(O, O*) by reducing the incidences (see 
Section 3), can also be factorized by the subgroups of H. We remark that the minimal 
quotient F(O, O*)/H is not flat, since every point is not incident with just one plane. 
Now we consider a semibiplane U(O, O*) of anti-flag type. Given a subgroup K 
{ 1 } of the group H of the homologies of center P and axis 7~, also in this case the 
geometry U(O, O*)/K is a c.c* geometry not satisfying (LL). 
The flat geometry U(O, 0")/11 can be described as follows: points are those of 
the hyperoval 0 r = 0 n n, planes are the lines of O* and lines are the hexades 
(A1, A2, A3, ll, 12, 13), where AI,A2 are points of O r, 13 is the line passing through Ar 
and A2, A3 is any point of 13 different from A1 and A2, and finally Ii, 12 are the lines 
of O* passing through A3. I f  q = 4 the group $6 acts flag transitively on it, while if 
q > 4 the group Zq+l: Z2h acts nonflag transitively on it. 
U(O, O*)/H does not seem to be a gluing. In particular, for q = 4 it is isomorphic 
to the flag transitive flat c.c* geometry obtained by choosing two distinct exades El, E2 
in the Steiner system S(22,6,3) and defining as points the points of El, as planes 
the points of E2 and as lines the exades which meet E1 and E2 in two points. This 
flat geometry is not a gluing, since the unique gluing of parameter q = 4 is not flag 
transitive (see [1; Theorem 3.6]). 
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